We discuss an approach to accurate numerical computations of slowly convergent properties in two-electron atoms/ions which include the negatively charged Ps − (e − e + e − ) and H − ions, He atom and positively charged, helium-like ions from Li + to Ni 26+ . All these ions are considered in their ground 1 1 S−state(s). The slowly convergent properties selected in this study include the electron-nulceus r 2k eN and electron-electron r 2k ee expectation values for k = 2, 3, 4 and 5.
I. INTRODUCTION
In this communication we investigate the overall accuracy of representation of the exact wave functions by trial variational functions. This problem is of great interest in the physics of few-body systems, including few-electron atoms and ions. To formulate the problem let us consider a number of truly correlated two-electron atomic systems, i.e. two-electron atoms and ions. Recently, a large number of 'highly accurate', or even 'precise' methods have been developed to perform bound state computations in such systems. Almost all these methods can produce a very accurate (or essentially 'exact') numerical value of the total energy E of some selected bound state. In addition to the total energy one also finds that highly accurate methods in applications to truly correlated systems allow one to determine a large number of bound state properties, or expectation values. Convergence rates of these expectation values vary between very fast and relatively slow, or even very slow. In general, for an arbitrary few-electron atom/ion one always finds a number of expectation values X which are difficult to determine to high and very high accuracy. The sources of such difficulties are mainly related to very slow convergence rates. For instance, for truly correlated atomic systems the expectation values of the p 2n e , r 2n eN and r 2n ee operators converge increasingly slowly as the power 2n increases. For large 2n powers, e.g., if 2n ≥ 10, these expectation values converge very slowly. Note that this conclusion is true only for atomic systems for which contribution of the electron-electron correlations is sufficiently large. However, if the role of such correlations is small (negligible), then the expectation values of the p ee operators, i.e. the problem can easily be solved by using such 'additional' relations. Below, we shall assume that the electron-electron correlations are relatively large for all systems mentioned in this study.
The goal of this study is to perform highly accurate computations of some slowly convergent expectation values r 2n eN and r 2n ee (where 2n ≥ 6) for a large number of two-electron ions, including the negatively charged Ps − and H − ions, and a number of helium-like atoms and positively charged ions (all ions from Li + to Ni 26+ ). Due to the electron-electron correlations mentioned above, these expectation values have never been calculated for such ions/atoms to high and very high accuracy. Therefore, our expectation values of the r 2n eN and r 2n ee operators can be considered as an important addition to the known bound state properties of all ions/atoms considered in this study. On the other hand, the knowledge of these expectation values allows one to understand the internal nature of electron-electron correlations and contribution of these correlations to slowly convergent bound state properties. In addition to these two factors, it should be mentioned that the electron-nucleus r 2k eN expectation value plays an important role in applcations to actual physical problems. Indeed, these expectation values are needed to determine electric multipole momenta of different orders in atoms and ions. The same values can be used to determine the form-factors of these atoms and ions, i.e. Fourier transformations exp(ıq · r) of the one-electron density distribution function ρ e (r), or one-electron density, for short. The rigorous definition of the form-factor is (see, e.g., [1] , [2] ):
where we have assumed that the electron density ρ e (r) is spherically symmetric. For twoelectron ions with large electric charges Qe this is a realistic and very accurate approximation. In addition, as follows from the general theory of bound state spectra the bound state wave function of atoms is always a real function, or it can be chosen as real. In the case of an ion/atom with N e bound electrons the atomic form-factor (of form-factor, for short) in Eq.
(1) the non-Coulomb part in the last formula is reduced to the form
where r = r eN is the electron-nucleus distance (scalar coordinate). In Eq.(2) we eliminated the factor 4π which is usually compensated by the corresponding factors from the angular part of the total wave function. Here and everywhere below in this study we assume that the electron density ρ e (r) is normalized to the number of bound electrons N e .
As follows from Eq. (2) 1, 2, 3, . . .) . In turn, the form-factor determines cross-sections of many actual atomic processes and reactions, e.g., cross-sections of the elastic and non-elastic (electron) scattering, bremsstrahlung, positron annihilation, etc (see, e.g., [2] , [3] and [4] ). Numerous examples of calculations of different atomic cross-sections by using form-factors can be found in Quantum Electrodynamics (see, e.g., [5] and [6] ee expectation values in this paper can be considered as an important addition to the atomic properties known for each of the two-electron ions mentioned above.
II. HAMILTONIAN AND WAVE FUNCTIONS
The non-relativistic Hamiltonian H of an arbitrary two-electron atom/ion takes the form (see, e.g., [4] )
is the reduced Planck constant and m e is the electron mass and e is the absolute value of the electric charge of an electron. In this equation and everywhere below in this study the subscripts 1 and 2 designate two electrons (e − ), while the subscript 3 denotes the positively charged atomic nucleus with the electric charge Qe. For all ions/atoms considered in this study we assume that the mass of the central atomic nucleus is infinite, i.e.
in Eq. (3) . For the Ps − ion the subscript 3 denotes the positron (e + ) with the mass m e (the same electron mass) and positive electric charge +e, or e. The mass ratio in Eq. (3) is
for the Ps − ion. In fact, everywhere below, only atomic unitsh = 1, | e |= 1, m e = 1 are employed. In these units the explicit form of the Hamiltonian H, Eq. (3), is simplified to the
where the notations r ij =| r i − r j |= r ji stand for three interparticle distances (= relative coordinates) which are the absolute values of differences of the Cartesian coordinates r i of these three particles. Note that each relative coordinate r ij is a scalar which is rotationally and translationally invariant. However, these coordinates are not truly independent, since e.g., | r 32 − r 31 |≤ r 21 ≤ r 32 + r 31 , | r 32 − r 21 |≤ r 31 ≤ r 32 + r 21 , etc. This produces a number of problems in computations of the three-particle integrals in the relative coordinates r 32 , r 31 , r 21 . To simplify such calculations it is better to apply a set of three perimetric coordinates u 1 , u 2 , u 3 which are simply related to the relative coordinates:
(r ik + r jk − r ij ), while inverse relations take the form r ij = u i + u j . The three perimetric coordinates u 1 , u 2 , u 3 are truly independent of each other and each of them varies between 0 and +∞.
The Jacobian of the transition (r 32 , r 31 , r 21 ) → (u 1 , u 2 , u 3 ) is a constant which equals 2.
To solve the non-relativistic Schrödinger equation HΨ = EΨ for the two-electron ions, where E < 0, and obtain highly accurate wave function(s) we approximate the unknown exact solution of the non-relativistic Schrödinger equation by using some rapidly convergent variational expansions. The best of such expansions is the exponential variational expansion in the relative coordinates r 32 , r 31 , r 21 , or in the perimetric coordinates u 1 , u 2 , u 3 . For the ground (bound) 1 1 S−state of the two-electron ions/atoms the explicit form of this expansion
where the notationP 12 stands for the permutation operator of identical particles (electrons),
. . , N) are the linear parameters of the exponential expansion, Eq. (5), while α i , β i and γ i are the non-linear parameters of this expansion. The non-linear parameters must be varied in calculations to increase the overall efficiency and accuracy of the method.
The best-to-date optimization strategy for these non-linear parameters was described in [7] , while its modified (advanced) version was presented in another paper published in 2006 (see the second paper in Ref. [7] ). The 3N−conditions
. . , N must be obeyed to guarantee convergence of all three-particle integrals which are needed in computations.
III. CALCULATIONS OF THE EXPECTATION VALUES AND THREE-PARTICLE INTEGRLAS
By using highly accurate, variational wave functions Ψ constructed for the ground 1 1 S−state of the two-electron ions we can determine the expectation value of an arbitrary, in principle, self-adjoint operatorX which can be defined for this system. This can be written in the following general form (see, e.g., [8] )
whereX is a self-adjoint operator which explicitly depends upon three relative coordinates r 32 , r 31 and r 21 . Formally, without loss of generality we can assume that our wave function has a unit norm, i.e. Ψ | Ψ = 1. Our interest in this study is restricted to the cases when in Eq. (6) we choose eitherX = r 2k eN , orX = r 2k ee , where k = 2, 3, 4 and 5. At the beginning of this project we expected that such expectation values could be determined without any problem by using relatively short variational expansions, Eq.(6), which include, e.g., N = 700 -1000 basis functions. However, in actual computations we have found that such relatively short variational expansions of the wave functions allow one to determine only two/three correct decimal digits in each of the r 
where all indexes k, l, n are assumed to be non-negative. In perimetric coordinates the same integral, Eq. (7), is written in the form
Derivation of the closed analytical formula for the integral, Eq. (9), is straightforward in perimetric coordinates. The formula takes the from
where C m M is the number of combinations from M by m (here m and M are integer nonnegative numbers). The formula, Eq.(10), can also be written in a few different (but equivalent!) forms. The formula, Eq. (10), was derived for the first time in the middle of 1980's [9] . The formula, Eq.(10), has been used in all calculations of the electron-nucleus r 2k eN and elecron-electron r 2k ee expectation values performed for this study.
IV. DISCUSSIONS AND CONCLUSION
As mentioned above the r 2k eN and r 2k ee expectation values for k = 2, 3, 4 and 5 have never been determined to high accuracy for almost all two-electron ions/atoms discussed in this study. This means that our results from Tables I -V can be considered as an important addition to the bound state properties known for such ions obtained in earlier studies (see, e.g, [10] for the Ps − ion, [11] for the H − ion and [12] for the positively charged, two-electron ions Table III ). In general, by comparing the expectation values from Tables I, II few-electron atoms/ions is discussed in [13] and [8] . For our expectation values this 'direct' approach does not work well, since the both r For these logarithms we can write the regular Q −1 -expansions, which starts from the first
This structure of the Q −1 -expansions follows from the explicit form of the Hamiltonian Eq. (4) which describes all two-electron ions/atoms considered in this study. The unknown coefficients in the right-hand sides of the equalities Eqs. (11) and (12) can be obtained by solving a system of linear equations with the known ln r 2k eN and ln r 2k ee expectation values. In general, the total number of unknown coefficients, e.g., a 2 , a 1 , a 0 , b 1 , b 2 , b 3 , . . . in Eq. (11), is always smaller than the total number of the computed expectation values ln r 2k eN and ln r 2k ee . This means that we have to apply the method of least squares (see, e.g., [16] ). After a number of trials we have obtained the numerical values of the unknown coefficients in Eqs. (11) and (12) (for k = 3, 4 and 5). These coefficients can be used in actual evaluations for different two-electron atoms/ions. Applications of the formula, Eq. (11), to determine the r Table IV ). Results from Table   VI 
